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Two-photon total annihilation of molecular positronium
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The rate for complete two-photon annihilation of molecular positronium Ps2 is reported. This
decay channel involves a four-body collision among the fermions forming Ps2, and two photons of
1.022 MeV, each, as the final state. The quantum electrodynamics result for the rate of this process
is found to be ΓPs2→γγ = 9.0 ×10
−12 s−1. This decay channel completes the most comprehensive
decay chart for Ps2 up to date.
I. INTRODUCTION
Positronium or Ps, is the bound state of an electron
and its antiparticle, the positron, forming a metastable
hydrogen-like atom [1]. In the 1940’s, Wheeler speculated
that two Ps atoms may form molecular positronium Ps2,
in analogy with two hydrogen atoms that can combine
to form molecular hydrogen [2]. In the same decade,
calculations of the binding energy of Ps2 were carried out,
and it turned out to be 0.4 eV [3], supporting Wheeler’s
prediction. More recently, in 2007, Cassidy and Mills
reported the first observation of molecular positronium
[4].
Molecular positronium can decay to different final
states or channels. The characterization of the decay
channels is essential in order to estimate its lifetime.
Moreover, the complete characterization of the Ps2 de-
cay channels and their partial widths could lead to the
design of efficient detection schemes for this molecule.
For a bound state, the total annihilation rate Γ is deter-
mined as the sum of partial annihilation rates associated
with each allowed decay channel Γi, i.e., Γ =
∑
i=1,N Γi,
where N represents the total number of decay channels.
Each of the Γi has to be computed by including all the
topologically distinct Feynman diagrams associated with
such channels, and in some cases, it can be important
to include radiative corrections. Frolov has reported the
most complete chart of decay channels as well as partial
annihilation rates up to date [5], including all the main
decay channels, going from zero photon decay up to the
5-photon decay channel. However, a higher order decay
channel of Ps2 involving two-photons as the final state
has not been considered in any estimation of the Ps2 life-
time, and apparently never previously contemplated as a
possible decay channel.
The present study reports the calculation of the two-
photon complete annihilation rate of Ps2, in which two
electrons and two positrons annihilate simultaneously,
producing two photons of 1.022 MeV energy each. The
calculations have been carried out by using standard
techniques of quantum field theory, such as the Feyn-
man rules and trace technology [6]. This decay channel
completes the decay chart of Ps2, previously reported
in part by Frolov [5], besides the six-photon and seven-
photon decay channels. While this decay is rare, it is
worth mentioning that it provides a unique experimental
signature of the presence of molecular positronium.
II. TWO-PHOTON ANNIHILATION OF PS2
The annihilation of Ps2 into two photons (denoted here
as Ps2 → γγ) is governed by eight topological distinct
Feynman diagrams. Four of them are shown in Fig.1.
The rest of the diagrams emerge as cross terms of the
ones shown in Fig. 1, i.e., in which the momenta of the
outgoing photons are interchanged. Fig. 1 shows that
the decay channel at hand is a four-body event, where
the energy-momentum vectors of the incoming fermions
are labelled as p1, p2, p3, and p4, whereas the energy-
momenta of the outgoing photons are labelled as k1 and
k2. Here, the energy-momentum vectors are represented
as (E, ~p), and natural units (h¯ = c = 1, and α = 1/137,
being fine structure constant) are assumed.
The momenta of the electrons and positrons in Ps2
are very low in comparison with their rest mass energy.
Hence the binding energy of the Ps2 molecule is negligi-
ble in comparison with the rest mass energy of whatever
of their constituents. Therefore, the first non-vanishing
term in the amplitude expansion can be obtained by
substitution of the initial energy-momentum vectors by
(me, 0, 0, 0), instead of the initial energy-momentum vec-
tors. Here me is the electron mass. Thus, in this approx-
imation, the transition probability does not depend on
the initial momenta ~pi. Within this approximation it is
possible to establish a relationship between the annihi-
lation rate and the probability to find the four fermions
in the Ps2 molecule to all be located at the same point
in space. This information can be determined by gen-
eralizing the method employed for the calculation of the
electron-positron annihilation rate of Ps [6], but going
beyond the two-body perspective of that reference. This
generalization leads to:
ΓPs2→γγ =
|ΨPs2 (0, 0, 0, 0) |
2
4
∫
d3~k1
(2π)
3
2|~k1|
d3~k2
(2π)
3
2|~k2|
(2π)4
δ(4) (p1 + p2 + p3 + p4 − k1 − k2)∏
i=1,4(2Ei)
|M|2.
(1)
The quantity |ΨPs2 (0, 0, 0, 0) |
2 represents the probabil-
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FIG. 1. Some of the Feynman diagrams associated to the two-
photon decay channel of Ps2, Ps2 → γγ. There are four more
Feynman diagrams that contribute to this decay channel, but
they can be obtained as cross terms of the diagrams shown
here, i.e., with interchanged momenta of the outgoing photons
(k1 ↔ k2).
ity of finding the four fermions at the same point in po-
sition space. Some details about its calculation are given
below. Eq. (1) can be viewed as an extension of the pre-
vious generalization of Kryuchkov [7] where a three body
initial state was taken into account for the single pho-
ton decay of Ps−. M represents the transition matrix
associated with the decay channel, and therefore |M|2
represents the probability for such a transition. It is ob-
tained by averaging the squared modulus of the total am-
plitude A over the spin states of the incoming particles
[e−(p1,s1),e+(p2,s2) ,e−(p3,s3),e+(p4,s4), here si repre-
sents the spin of each particle] and by summing over the
polarizations of the outgoing particles [ǫ(k1), ǫ(k2), here
ǫ(ki) denotes the polarization of each photon], i.e.,
|M|2 =
∑
ǫ(k1)
∑
ǫ(k2)
1
24
∑
s1
∑
s2
∑
s3
∑
s4
|A|2. (2)
The amplitude A associated with the decay channel
Ps2 → γγ contains eight terms, each of them associ-
ated with every Feynman diagram that contributes to
the process (see Fig.1). The amplitude is given by
A = e4
[
v¯(p4, s4)γ
λǫλ(k1)
/p4 − /k2 +me
(p4 − k2)2 −m2e
γν
×
/p3 − /k1 +me
(p3 − k1)2 −m2e
γσǫσ(k1)u(p3, s3)
×
gµν
(p1 + p2)2
v¯(p2, s2)γ
µu(p1, s1)
+v¯(p4, s4)γ
ν /p3 − /k1 − /k2 +me
(p3 − k1 − k2)2 −m2e
γλ
×ǫλ(k2)
/p3 − /k1 +me
(p3 − k1)2 −m2e
γσǫσ(k1)u(p3, s3)
×
gµν
(p1 + p2)2
v¯(p2, s2)γ
µu(p1, s1)
+v¯(p4, s4)γ
σǫσ(k1)
/p4 − /k1 +me
(p4 − k1)2 −m2e
γλ
×ǫλ(k2)
/p4 − /k1 − /k2 +me
(p4 − k1 − k2)2 −m2e
γνu(p3, s3)
×
gµν
(p1 + p2)2
v¯(p2, s2)γ
µu(p1, s1)
+v¯(p4, s4)γ
λǫλ(k2)
/p4 − /k2 +me
(p4 − k2)2 −m2e
γν
×u(p3, s3)
gµν
(p2 + p1 − k1)2
v¯(p2, s2)γ
µ
/p1 − /k1 +me
(p1 − k1)2 −m2e
γσǫσ(k1)u(p1, s1) + (k1 ↔ k2)
]
,
(3)
Here the Feynman gauge has been employed as well as
the slashed notation, i.e., /p = γνpν . The γ matrices
are related with the Dirac matrices as defined in Ref.
[6]. Once the amplitude of the process is known A, the
transition probability associated with the decay channel
at hand can be found, by means of Eq. (2). The cal-
culations needed are rather involved, so they have been
undertaken using the software program Mathematica [8],
yielding
3FIG. 2. Jacobi coordinates for the four-body problem.
ΓPs2→γγ = |ΨPs2 (0, 0, 0, 0) |
2 521
512
π3
2
α4
m8e
. (4)
The Ps2 ground state wave function has been obtained
by using hyperspherical coordinates [9] in conjunction
with an explicitly correlated gaussian basis, following the
method of Daily and Greene [10]. In particular, the Ps2
wave function is described in terms of the Jacobi coordi-
nates depicted in Fig. 2, ΨPs2(ρ1, ρ2, ρ1,2, ρCM ). After
neglecting the center of (CM) motion (since the interac-
tion potential does not depend on ρCM ) and using adi-
abatic hyperspherical approximation, the wave function
may be expressed as ΨPs2(R,Ω), where R denotes the
hyperradius and Ω labels the solid angle element associ-
ated to the eight hyperangles needed for the characteriza-
tion of a four-body collision (neglecting the CM motion).
Here the normalization condition for the wave function
is
∫
|ΨPs2(R, 0)|
2R8dR∫
dΩ
= 1. (5)
Finally, taking into account that |ΨPs2(0, 0, 0, 0)|
2 =
|ΨPs2 (0,0)|2√
Ω
, one finds |ΨPs2(0, 0, 0, 0)|
2=4.5×10−6 a−90 ,
with a0 the Bohr radius. This value is in good agree-
ment with the value reported previously by Frolov, 4.56
×10−6 a−90 [5].
After inserting the probability to find the four fermions
at the same point |ΨPs2(0, 0, 0, 0)|
2, the relation between
atomic units and natural units, and after taking into ac-
count Eq. (4), we find ΓPs2→γγ = 9.0 ×10
−12 s−1. This
decay rate is smaller than the alternative decay chan-
nels explored thus far, and which have been previously
reported by Folov [5]. Table I shows a comparison be-
tween the rate for the two-photon decay and all the de-
cay channels previously reported. Table I implies that
the rate reported here, although smaller than the rest,
is still comparable with the zero-photon decay channel.
It is related with the number of vertices in each decay
channel. The zero-photon decay involves three vertices
,whereas the two-photon decay channels require four ver-
tices. This difference implies that |M|2 has an extra fac-
tor of α for the case of two-photon decay, in comparison
with the zero-photon decay.
TABLE I. Decay rates for Ps2 molecule in (s
−1). The de-
cay rates labelled as Γnγ , previous calculated by Frolov [5],
refers to the annihilation of electron-positron pairs in the Ps2
molecule, being n the number of photons emitted. Whereas
ΓPs2→γγ stands for the four-body collision among the four
fermions leading to the formation of two photons, see text for
details.
Decay Channel Decay rate (s−1)
Γ0γ 2.32 ×10
−9
Γ1γ 1.94 ×10
−1
Γ2γ 4.44 ×10
9
ΓPs2→γγ 9.0 ×10
−12
Γ3γ 1.20 ×10
7
Γ4γ 6.56 ×10
3
Γ5γ 0.11 ×10
2
III. CONCLUSIONS
The two-photon annihilation rate of Ps2 has been
calculated using a non-relativistic reduction of quan-
tum electrodynamic methods. This annihilation process
refers to the simultaneous decay of two electrons and two
positrons into two photons, providing a rare but unam-
biguously unique signature of the presence of the Ps2
molecule. All the Feynman diagrams contributing to
such process have been taken into account for the cal-
culation of the transition probability. The wave function
for ground state Ps2 has been calculated by employing
correlated Gaussian basis functions in combination with
hyperspherical coordinates [10]. The annihilation rate
for this process turns out to be ΓPs2→γγ = 9.0 ×10
−12
s−1. While this value is smaller than that of other decay
channels of Ps2, it is nevertheless in the same range as
the rate associated with the zero-photon decay [5].
The observation of the event studied here will be very
challenging due to its very long lifetime. However, from
a fundamental point of view, the two-photon annihila-
tion of Ps2 constitutes a way to sample the Ps2 wave
function, from a four-body perspective, yielding crucial
information about the nature of the bound state. Finally,
we point out that in some astrophysical regions such as
4near the galactic center where a high density of positrons
and electrons are available, this event may be observed,
due to its unique emission signature of two photons with
energies equal to 1.022 MeV. This region of the gamma
ray spectra remains largely unexplored to date, although
the International Gamma-Ray Astrophysics Laboratory
(INTEGRAL) telescope has the capability for it. Indeed
this telescope has found the signatures of two-photon an-
nihilation in Ps [11].
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